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In this paper, we study if the following properties are present in defect 3 blocks
Ž .of symmetric group algebras k , where k has characteristic p  5 :n
Ž .1 the Ext-quiver is bipartite;
Ž .2 the p.i.m.’s have a common Loewy length 7.
We obtain a criteria for a defect 3 block B of k to inherit these propertiesn
˜  from a defect 3 block B of k , with which it forms a 3 : 1 -pair. We also ver-n1
Ž .ify that the principal blocks of k 3 p n 4 p 1 have these properties.n
 2001 Academic Press
1. INTRODUCTION
The symmetric group algebras over a field of odd characteristic have
been studied extensively with the aim to understand algebras with wild
 representation type. Scopes 10 proved, among other things, that the
defect 2 blocks of symmetric group algebras have the property that their
principal indecomposable modules have a common Loewy length 5. As is
well known, the defect 1 blocks of symmetric group algebras have the
1 Some of this work appears in the second author’s doctoral thesis, submitted to the
University of Cambridge in November 1998. He thanks St. John’s College for the award of
the Benefactors’ Scholarship which enabled him to pursue his doctoral research. The authors
also thank the referee for useful comments on the typescript.
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property that their principal indecomposable modules have a common
 Loewy length 3. This led the first author 5 to conjecture that, for a defect
d block of a symmetric group algebra where the underlying field has
characteristic greater than d, its principal indecomposable modules have a
common Loewy length 2 d 1.
Throughout this paper,  denotes the symmetric groups of n lettersn
and k is an algebraically closed field of characteristic p with p 5. With
the exception of the principal block of k , we can always find a runner3 p
in an abacus display of any defect 3 block of k which has more beadsn
Ž .than the runner on its immediate left. If it has b more bead s , then
interchanging these two runners produces a defect 3 block of k .nb
   These two blocks are said to form a 3 : b -pair. Scopes 9 showed that if
b 3, then the two blocks are Morita equivalent, while if b 3, much
information about the block of k can be obtained from the block ofn
k .nb
The first author and Russell did some pioneering work on defect 3
 blocks of symmetric group algebras. They 6 constructed the Ext-quiver of
   the principal block of k . They also studied 3 : 1 -pairs and 3 : 2 -pairs3 p
when they proved that every defect 3 block of a symmetric group algebra
has the following properties:
Ž .1 The entries of its decomposition matrix are either 0 or 1;
Ž . 12 The Ext -space between any two simple modules is at most
one-dimensional;
Ž .3 Every simple module does not extend itself.
In this paper, we first show that the principal block of k has the3 p
following properties.
Ž .1 Its Ext-quiver is bipartite;
Ž .2 Its principal indecomposable modules have a common Loewy
length 7.
˜ We then proceed to study 3 : 1 -pairs B and B, obtaining a criterion for B
˜to inherit the two properties from B. We conclude this paper by verifying
Ž .this criterion for the principal blocks of k 3 p n 4 p , therebyn
showing these blocks have the two properties.
2. PRELIMINARIES
In this section, we give a brief account of the representation theory
 which we will need. For a more detailed account, we refer the reader to 3
 for the representation theory of symmetric groups, and 4 for general
theory of group representations.
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First, the following notation will be used in this paper:
Ž . Ž .1 the projective cover of a module M will be denoted by P M ,
Ž . Ž . Ž . Ž .and  M will denote the submodule of P M satisfying P M  M
	M;
Ž .2 a filtration M
M M M   M 
 0 will be denoted0 1 2 r
by a matrix with r rows, where the ith row is the factor M M ;i1 i
Ž .3 the multiplicity of a simple module S as a composition factor of a
 module M will be denoted by M : S ;
Ž .4 MN means that the modules M and N have the same
Ž .composition factors with multiplicities .
Recall that the Specht modules S, as  runs through the set of
partitions of n, give a complete list of mutually non-isomorphic simple
modules of  in ordinary characteristic. In characteristic p 0, then
Specht module S has a simple self-dual head D if  is p-regular; all
composition factors of its radical are of the form D  with  . If  is
p-singular, then all composition factors of S are of the form D  with
 . As  runs through the p-regular partitions, the simple modules D
give a complete list of mutually non-isomorphic simple modules of k .n
Two Specht modules S and S of k lie in the same block if, andn
Ž .only if,  and  have the same p-core Nakayama’s ‘‘Conjecture’’ . The
Branching rule provides a Specht filtration for the restricted Specht
module S and the induced Specht module S n 1 . The Specht n 1
module S is a factor in this filtration if, and only if,  can be obtained
from  by removing or adding a node. A factor S lies above another
factor S  in this filtration if  .
The Ext-quiver of a k-algebra A is a directed graph whose vertex set is
labelled by the non-isomorphic simple A-modules and the number of
1Ž .edges from S to S is given by dim Ext S , S . Since the simple1 2 k 1 2
modules of a symmetric group algebra are self-dual, all edges in its
Ž .Ext-quiver are two-ways. Recall that a directed graph is bipartite if there
is a partition of its vertex set into two parts such that there is no edge
between any two vertices in the same part. If the Ext-quiver of A is
Ž .bipartite, then one of the consequences is that if P S is the projective
cover of a simple A-module and S is a simple module occurring on an
Ž .odd, respectively even, Loewy layer of P S , then all composition factors
Ž .  Ž .of P S isomorphic to S lie on an odd, respectively even, Loewy layer s
Ž .of P S .
 Schaper 8 has a formula for calculating an upper bound of each entry
in the decomposition matrix of a block of a symmetric group algebra. In
fact, his upper bound is non-zero if, and only if, the entry is non-zero. As
every defect 3 block has the property that each entry in its decomposition
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 matrix is at most 1 7 , the formula thus determines the decomposition
 matrix completely. For a version of this formula, we refer the reader to 6 .
 Recall also the non-standard notation used in 6 for weight 3 partitions
having p-core  :
DEFINITION 2.1. Let  be a p-core having r parts. Let b be a fixed
integer not less than r 3 p. Any weight 3 partition  having core  may
² :be represented on the abacus having b beads. the -notation with b
beads is defined as follows: if the abacus display of  has
Ž . ² :1 one bead of weight 3 on runner i, then denote  by i ;
Ž .2 one bead of weight 2 on runner i and one bead of weight 1 on
² :runner j, then denote  by i, j ;
Ž . Ž .3 three beads of weight 1 on runner s i, j, and k, then denote  by
² :i, j, k .
² :It is clear that the -notation depends on the number of beads used in
the abacus display. There is usually a natural choice for the number of
beads used. For example, if the p-core of the defect 3 block B has r parts,
² :then we usually use -notation with 3 p r beads to denote the parti-
tions of B.
Finally, we remind the readers that every defect 3 block of a symmetric
 group algebra has the following three properties, as shown in 7 :
Ž .1 Each entry of its decomposition matrix is either 0 or 1;
Ž . 12 The Ext -space between any two simple modules is at most
one-dimensional.
Ž .3 Every simple module does not extend itself.
We shall make use of these properties very often, and sometimes without
comment.
3. THE PRINCIPAL BLOCK OF K 3 p
In this section, let B denote the principal block of k . We will use3 p
² :the -notation with 3 p beads to denote the partitions of this block.
 3.1. Background. In 6 , the first author and L. Russell constructed the
Ext-quiver of this block and showed that the block has the following
properties:
Ž .1 Every entry in its decomposition matrix is either 0 or 1;
Ž . 12 The Ext -space between any two simple modules is at most
one-dimensional;
Ž .3 Its simple modules do not self-extend.
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In their paper, they looked at the blocks B , B , . . . , B of k ,1 2 p 3 p1
Ž p i.where, for 2 i p, B is the defect 2 block with p-core i 1, 1 , andi
Ž p1.B is the defect 1 block with p-core p, 1 . When modules of B are1
restricted to  , the non-zero summands lie in the p blocks of3 p1
k . Conversely, only the modules lying in these p blocks of k3 p1 3 p1
give non-zero summands lying in B when induced to  . Defining the3 p
subset 	 of p-regular partitions of B byi
	 
  D  0 , 4i Bi
 ˜they found that if 	 , then D  is simple. In addition, if D is ai Bi
˜ Bsimple module of B , then D  has a simple head and a simple socle,i
isomorphic to D  say, with 	 . The multiplicity of D  as a composi-i
tion factor is 2 if 2 i p and is 3 if i
 1. All other composition factors
˜ Bof D  have partitions not belonging to 	 . Since the simple modules ofi
˜ BB do not self-extend, D  has Loewy length at least 3 if 2 i p, and
at least 5 if i
 1.
The Ext-quiver of B is constructed based on the following proposition:
PROPOSITION 3.1. Suppose 	 . Then D extends D  if , and only if ,i˜ ˜     ˜ ˜either 	 and D extends D where D  	D and D  	D , ori B Bi i˜  B	 and D is a composition factor of D  .i
3.2. NEW RESULTS. We first observe that B in fact enjoys two addi-
tional properties.
PROPOSITION 3.2. The block B has the following properties:
Ž .1 Its Ext-quier is bipartite.
Ž .  Ž . 2 A diagonal Cartan entry c 
 P D : D is greater than a
 Ž . non-diagonal Cartan entry c 
 P D : D .
Ž .  Proof. 1 From the Ext-quiver of B constructed in 6 , it can be easily
verified that the set
D² i:  i odd  D² i , j:  i j, i j odd 4  4
 D² j , i:  i j, i j even  D² i , i , j:  i j 1, i j even 4  4
 D² i , j , l:  i j l , i 3, i j l even 4
and its complement give a partition of simple modules of B displaying the
bipartite nature of the Ext-quiver.
Ž .2 Since the entries of the decomposition matrix of B are either 0
or 1, we may use Schaper’s formula to calculate explicitly the decomposi-
tion matrix and verify directly that a diagonal Cartan entry c 

 Ž . P D : D is greater than a non-diagonal Cartan entry c 

  Ž . P D : D .
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˜PROPOSITION 3.3. Suppose D is a simple module of B for some ii
˜ BŽ .2 i p . Then D  has Loewy length 3.
˜ B Proof. Since D  is self-dual, it suffices to show that if D is a
˜ Bcomposition factor of its heart, its multiplicity is 1. Let the head of D 
˜  BŽ .be isomorphic to D . By Frobenius reciprocity, P D  is a projective
 Ž .B-module with a simple head D and is thus isomorphic to P D . Hence
˜ ˜ ˜     B  Ž .   Ž .   P D : D 
 2 P D : D . Now if D  : D  2, then
˜      Ž .   Ž .   Ž . P D : D  2 P D : D 
 P D : D which contradicts Proposi-
tion 3.2.
˜ ˜ Ž .LEMMA 3.4. Suppose D extends D in B for some i 1 i p . ThenI
˜ B    B ˜Ž .D  extends D , where D 	 soc D  , and D occurs in the second
˜ B Loewy layer of the non-split extension of D  by D .
˜ ˜1  B  1  ˜Ž . Ž .Proof. First note that Ext D  , D 	 Ext D , D  0. It is thus
one-dimensional, since the latter Ext1-space is at most one-dimensional.
˜  B Ž .From Proposition 3.1, we see that D 	 soc D  extends D . Since
˜ ˜ B   B the heart of D  does not contain D , and D  extends D only
once, we see that D  must occur in the second Loewy layer of the
˜ B non-split extension of D  by D .
˜ ˜ Ž .PROPOSITION 3.5. Suppose D extends D in B for some i 2 i p .i
˜  B˜˜ ˜Let M be a non-split extension of D by D . Then M has Loewy length 4.
˜ B  B  ˜Proof. Let the heads of D  and D  be D and D , respec-
˜ B  B˜tively. By Proposition 3.3, D  and D  both have Loewy length 3.
˜ BWe know that M has the filtration
˜ BD 
˜ BD  .
˜ B  B˜Now both D  and D  have Loewy length 3, and the head of the
˜ Blatter lies in the second Loewy layer of M . Since the Ext-quiver of B is
bipartite and D extends D , D does not extend any composition factors
˜ Bof the heart of D  . Thus the latter composition factors lie in the third
B B˜ ˜Loewy layer of M . Hence, M has Loewy length 4.
THEOREM 3.6. The principal indecomposable modules corresponding to
Ž .partitions belonging to 	 2 i p hae a common Loewy length 7.i
˜ Proof. Suppose 	 and let D 	D  . Then by Frobenius re-i Bi˜ ˜ B  Ž . Ž . Ž .ciprocity, P D  	 P D . We know that P D has Loewy length 5.
Now the lemma follows by repeated use of Proposition 3.5.
˜ ˜ ˜PROPOSITION 3.7. Suppose D extends D in B . Let M be a non-split1
˜  B˜ ˜extension of D by D . Then M has Loewy length 6.
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˜ BProof. By Frobenius reciprocity, M has a simple head, isomorphic
to D say, and a simple socle, isomorphic to D  say. We first show that
˜ BD  has Loewy length 5. Since all its composition factors not isomor-
phic to D  do not belong to 	 , we see that they must lie in the first six1
˜ BLoewy layers of D  , by the previous theorem. If any of them indeed
lies in the sixth Loewy layer, then it will lie in or below the seventh Loewy
˜ Blayer of M , which contradicts the previous theorem. Thus, all composi-
˜ B tion factors of D  not isomorphic to D lie in the first five Loewy
˜ B ˜ Blayers of D  . Hence D  has Loewy length at most 6. Now, by the
˜ Bbipartite nature of the Ext-quiver of B, we then see that D  has
˜ B˜Loewy length 5. Similarly, by considering the dual of M, we see that D 
˜ Bhas Loewy length 5. Now all the composition factors of M , except
˜ Bpossibly its socle, must lie in the first six Loewy layers of M in view of
˜ Bthe previous theorem. Thus M has Loewy length at most 7. Now, by
˜ Bthe bipartite nature of the Ext-quiver of B, the socle of M must lie in
B˜an even Loewy layer. Hence M has Loewy length 6.
THEOREM 3.8. The principal indecomposable modules associated to parti-
tions belonging to 	 hae a common Loewy length 7.1
˜ Proof. Suppose 	 and let D  	D . Then by Frobenius re-1 B1˜ ˜ B  Ž . Ž . Ž .ciprocity, we have P D  	 P D . We know that P D has Loewy
length 3. Now the lemma follows by repeated use of Proposition 3.7.
 4. ON 3 : 1 -PAIRS
In this section, we shall assume that a defect 3 block B of k and an
˜  defect 3 block B of k form a 3 : 1 -pair, with the ith runner of then1
˜abacus display of the core of B having one bead more than that of B. As
˜we shall see, the relationship between B and B is very symmetrical, so that
the two blocks share many properties.
We first introduce a non-standard terminology.
˜ DEFINITION 4.1. With respect to the 3 : 1 -pair B and B,
Ž .1 A partition  of B is exceptional if more than one bead on the
ith runner of its abacus display may be moved to their respective preceding
Ž .positions on the i 1 st runner. Otherwise, it is non-exceptional.
Ž . 2 A Specht module S of B is exceptional if, and only if,  is
exceptional.
Ž .  3 A simple module D of B is exceptional if D  is not simple.B˜
Otherwise, it is non-exceptional.
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˜ ˜Ž .4 A partition  of B is exceptional if more than one bead on the
Ž .i 1 st runner of its abacus display may be moved to their respective
succeeding positions on the ith runner. Otherwise, it is non-exceptional.
˜ ˜Ž .5 A Specht module S of B is exceptional if, and only if,  is
exceptional.
˜ ˜  BŽ .6 A simple module D of B is exceptional if D  is not simple.
Otherwise, it is non-exceptional.
4.1. Background. We now give an account of the information known
 about these two blocks, as shown in 7 .
There are 3 p exceptional Specht modules of B, denoted as S j, S  j, S
 j
Ž . Ž .1 j p , whose corresponding partitions have the following i 1 st
and ith runners in their abacus displays:
i 1 i i 1 i i 1 i
. . . . . .. . . . . .. . . . . .
     
    
    
     
    
  
 Ž i.  Ž i.  Ž i.
i 1 i i 1 i i 1 i
. . . . . .. . . . . .. . . . . .
     
    
     
    
    
  
 Ž i1.  Ž i1.  Ž i1.
i 1 i i 1 i i 1 i
. . . . . .. . . . . .. . . . . .
     
    
    
    
  
 Ž l .  Ž l .  Ž l .
Ž .The partitions  ,  , 
 l i, i 1 have another bead of p-weight Ž l .  Ž l .  Ž l .
Ž .1 at the lth runner. Observe that for each m 1m p , we have
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    
 . Here,  is such that        , as Žm.  Žm.  Žm. p 1 2 p
before. We note that  ,  , . . . ,  are p-regular while  is p-singu-1 2 p1 p
lar.
˜ j˜Similarly, there are 3 p exceptional Specht modules of B, denoted as S ,
˜ 
˜j j Ž .S , S 1 j p , whose corresponding partitions have the following
Ž .i 1 st and ith runners in the abacus displays:
i 1 i i 1 i i 1 i
. . . . . .. . . . . .. . . . . .
     
    
    
     
    
˜  
˜ ˜ Ž i.  Ž i.  Ž i.
i 1 i i 1 i i 1 i
. . . . . .. . . . . .. . . . . .
     
    
     
    
    
˜  
˜ ˜ Ž i1.  Ž i1.  Ž i1.
i 1 i i 1 i i 1 i
. . . . . .. . . . . .. . . . . .
     
    
    
    
˜  
˜ ˜ Ž l .  Ž l .  Ž l .
˜ Ž .The partitions  ,  , 
 l i, i 1 have another bead of p-weight˜ ˜ Ž l .  Ž l .  Ž l .
Ž .1 at the lth runner. Observe that for each m 1m p , we have
˜    
 . Here  is such that        .˜ ˜ ˜ ˜ ˜ Žm.  Žm.  Žm. p 1 2 p
We note that  ,  , . . . ,  are p-regular while  is p-singular.˜ ˜ ˜ ˜1 2 p1 p
Restriction of exceptional Specht modules of B and induction of excep-
˜tional Specht modules of B give the following:
˜  ˜j j jS   S  S ; A1Ž .B˜
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 ˜ 
˜j j jS   S  S ; A2Ž .B˜
˜
  
˜j j jS   S  S ; A3Ž .B˜
˜ B  j j jS   S  S ; B1Ž .
˜ B  
j j jS   S  S ; B2Ž .

˜ B  
j j jS   S  S . B3Ž .
There are p  1 exceptional simple modules of B, namely
1 2 p1 ˜D , D , . . . , D , and p 1 exceptional simple modules of B, namely
˜ ˜ ˜1 2 p1D , D , . . . , D . There is a one-to-one correspondence between the
˜non-exceptional simple modules of B and those of B, given by restriction
and induction. There is also a natural correspondence between the excep-
˜ j j˜ Ž .tional simple modules of B and those of B, since D 	 soc D  andB˜
 ˜ B   ˜ ˜j j 0 p 0 pŽ .D 	 soc D  . We shall define D , D , D , and D to be zero
modules, by convention. The exceptional simple module D j is a composi-
tion factor of S j, S  j, S
 j, S j1, S  j1, S
 j1, and in no other Specht
 ˜j jmodule is D a composition factor. Similarly, D is a composition factor
˜ ˜  
   
 ˜ ˜ ˜ ˜ ˜j j j j1 j1 j1 jof S , S , S , S , S , S , and in no other Specht module is D a
˜ jcomposition factor. Also, D occurs twice as a composition factor of
D j , as its head and socle. Similarly, D j occurs twice as a compositionB˜
˜ Bjfactor of D  .
Ž .For each exceptional partition of B, there is one bead on the i 1 st
Ž .runner of its abacus display which may be moved to its unoccupied
succeeding position on the ith runner. Moving this bead corresponds to
ˆinducing the associated Specht module to a defect 1 block B of k .n1
ˆThe abacus display of the p-core of B has one bead more on the ith
Ž .runner and one bead less on the i 1 st runner than that of B. Denoting
ˆ ˆ ˆ1 2 pˆthe p Specht modules of B by S , S , . . . , S , with        ,ˆ ˆ ˆ1 2 p
ˆ jthe restricted Specht module S  has the following Specht filtration,B
given by the Branching Rule:
S j
 j .S

 jS
ˆ  Bˆ j jŽ .The simple module D 1 j p 1 is isomorphic to D  . More-
ˆ j jover, D  has head and socle both isomorphic to D and has anotherB
copy of D j in its heart, and no other exceptional simple module is a
composition factor of it. All non-exceptional simple modules of B give
ˆ jˆ Ž .zero when induced up to B. Since P D has two known filtrations,
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namely
ˆ jDˆ jS  ˆ ˆj1 j1and ,D Dˆ j1S ˆ jD
ˆ  j j jŽ . Ž . Ž .and P D  	 P D by Frobenius reciprocity, we see that P D hasB
two filtrations of the forms
S j
 ˆj jS D B

 jS  ˆ ˆj1 j1D  D and .B B j1S
ˆ jD  Bj1S

 j1S
˜Similarly, for each exceptional partition of B, there is one bead on the
Ž .ith runner of its abacus display which may be moved to its unoccupied
Ž .preceding position on the i 1 st runner. Moving this bead corresponds
ˇto restricting the associated Specht module to a defect 1 block B of
ˇk . The abacus display of the p-core of B has one bead more on then2
˜Ž .i 1 st runner and one bead less on the ith runner than that of B.
ˇ ˇ ˇ1 2 pˇDenoting the Specht modules of B by S , S , . . . , S with    ˇ ˇ1 2
   , we have statements entirely analogous to those in the paragraphˇp
˜ ˇabove holding for the blocks B and B.
4.2. New Results. We shall extract more information about the excep-
˜tional simple modules of B and B, albeit merely stating and proving the
results for modules of B. Analogous results as well as proofs also hold for
˜ ˜those of B, often by interchanging  with  ,  with  ,  with ,˜ ˆ ˇj j j j
˜ ˆ ˇinduction with restriction, B with B, and B with B. We will not state and
prove them explicitly; the reader may work them out at his or her leisure.
We will, however, make use of the analogous results as required.
Ž .PROPOSITION 4.2. 1 The only exceptional simple module occurring as a
 ˜j jcomposition factor of D  is D , and its multiplicity is 2.B˜
Ž .  j2 The Loewy length of D  is 3.B˜
Ž .Proof. 1 Proof by induction on j. It is clearly true for j
 1, using
Ž .relationship A1 and the multiplicities of the exceptional simple modules
as composition factors of the Specht modules. Using the same argument
again, the inductive step is also clear.
˜ ˜Ž . Ž .2 We show that the multiplicity of D   as a composition˜j
 j Žfactor of D  is at most 1. Suppose for a contradiction that it is 2. ItB˜
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Ž .cannot be greater than 2, for example, using relationship A1 and the fact
˜. Ž .that the entries of the decomposition matrix are at most 1. By 1 , D is
not an exceptional simple module. Since D j occurs once in each of S j,
 j 
 j ˜S , and S , we see that these three Specht modules, when restricted to B,
˜have at least two copies of D occurring in each of them. Relationships
˜Ž . Ž .A1  A3 then show that D must occur exactly twice in each of these
˜ ˜ jrestricted Specht modules, and D must occur exactly once in each of S ,
˜ ˜ 
   B ˜j j jŽ .S , and S . Moreover, D 	D  is not a composition factor of S ,
S  j, and S
 j; otherwise, the restricted Specht modules would have three
˜ Ž .copies of D . But relationship B1 now gives a contradiction. Hence the
˜  j˜Ž .multiplicity of D   as a composition factor of D  is at most˜ ˜j B
one. By self-duality of D j , we see that it must have a semi-simpleB˜
heart and hence have Loewy length 3.
ˆ jLEMMA 4.3. The Loewy length of D  is at least 5, while, for 2 jB
ˆ j jŽ .p 1, that of S  is at least 6. Hence the Loewy length of P D is atB
least 7.
ˆ jProof. The restricted simple module D  has head and socle bothB
isomorphic to D j and has another copy of D j in its heart. Since D j
ˆ jdoes not extend itself, we see that D  necessarily has Loewy length atB
least 5.
For 2 j p 1, we can see easily by Frobenius reciprocity that
ˆ j jS  has a simple head isomorphic to D and a simple socle isomorphicB
 ˆ ˆj1 j jto D . Since D  is isomorphic to a quotient of S  and theB B
former has a simple socle D j and Loewy length at least 5, the Loewy
ˆ jlength of S  must be at least 6.B
Ž  j.Now, the projective cover P D has a proper submodule isomorphic to
ˆ ˆj1 jS  and a proper quotient isomorphic to S  , so that its LoewyB B
length is at least 7.
ˆ  j j1 j1Ž .LEMMA 4.4. The head of  D  is isomorphic to D D .B
ˆ ˆj jŽ . Ž .Proof. Restricting the short exact sequence 0 D  P D 
ˆ ˆ  ˆj j jŽ . Ž .D  0 to B, we get 0 D   P D D   0, sinceB B
ˆ  ˆj j jŽ . Ž . Ž .P D  	 P D by Frobenius reciprocity. Hence we have  D B B
ˆ  j j1 j1Ž .	 D  , but the latter module has head isomorphic to D D ,B
again by Frobenius reciprocity.
PROPOSITION 4.5. Suppose M has a simple head isomorphic to D j and
has neither D j1 nor D j1 occurring as composition factor. Then M is
ˆ jisomorphic to a quotient of D  .B
ˆ jŽ . Ž .Proof. We prove that  M must contain  D  as a submoduleB
Ž Ž  j.. Ž .where both are viewed as submodules of P D . Otherwise,  M 
ˆ ˆ ˆj j jŽ . Ž . Ž . D  is a proper submodule of  D  , so that  D  B B B
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ˆ  j j1 j1Ž Ž . Ž .. M  D  will have either D or D occurring as itsB
composition factor, by the above lemma.
ˆ ˆ ˆj j jŽ . Ž Ž . Ž .. Ž Ž . Ž ..However,  D    M  D  	  M  D  B B B
Ž . M is isomorphic to a submodule of M, so that we have a contradiction.
ˆ jŽ . Ž .Since  M  D  , it follows that M is isomorphic to a quotient ofB
ˆ jD  .B
We obtain an immediate corollary of this proposition.
˜ BjCOROLLARY 4.6. The induced simple module D  is isomorphic to a
ˆ jquotient of D  .B
ˆ ˜ Bj jPROPOSITION 4.7. Suppose M is a submodule of D  satisfying D B
ˆ ˜ Bj j	D  M. The induced simple module D  extends only the head of MB
and possibly D j1 andor D j1.
Ž  j.Proof. The projective module P D has a filtration of the form
˜ BjD 
.M
ˆ j D Ž .B
˜ BjTherefore D  extends only the head of M and possibly the composi-
ˆ jŽ .tion factors of the head of  D  .B
˜ BjCOROLLARY 4.8. The induced simple module D  does not extend
D j.
˜ BjProof. We know that D  is isomorphic to a submodule as well as a
ˆ  ˆj j jquotient of D  . Since D occurs three times in D  , we see thatB B
˜ BjŽ . Žrad D  is isomorphic to a submodule of M defined in Proposition
˜ Bj.4.7 . Since the heart of D  is non-zero, we see that the head of M
 jdoes not contain D .
˜ ˜COROLLARY 4.9. Suppose D is a non-exceptional simple module of B
˜ B   ˆ ˆj jwith D  	D . Let M be a submodule of D  such that D  M	B B˜ B 1   ˜ ˜j jŽ .D  . Then Ext D , D is non-zero if , and only if , D occurs in the
head of M.
˜  1  ˆ ˜j jŽ .In particular, D is a composition factor of D  if Ext D , D isB
non-zero.
˜1   1  B ˜ ˜j jŽ . Ž .Proof. Since Ext D , D 	 Ext D  , D , we see from Proposi-
˜ jtion 4.7 that D extends precisely those non-exceptional simple modules
which, when induced, occur in the head of M.
PROPOSITION 4.10. Let D be a non-exceptional simple module of B, with
˜ D  	D . The following table gies a complete list of possible multiplicitiesB˜
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˜   ˜ j jŽ . Ž .of D and D as composition factors of P D and P D , respectiely:
˜   ˜j j Ž .   Ž . P D : D P D : D
0 0
1 2
2 1
2 4
3 3
4 2
4 5
5 4
6 6
˜   ˜ j j Ž   Ž . Proof. Let P D : D 
 l and P D : D 
m. Using the fact that
the entries of the decomposition matrix are at most 1 and that D j and
˜ jD both occur in exactly six Specht modules, we see that both l and m are
Ž . Ž . Ž . Ž .bounded above by 6. Using relationships A1  A3 and B1  B3 , we see
then that l
 0 if and only if m
 0, and l
 6 if and only if m
 6. This
implies that 1 l 5 if, and only if, 1m 5. By Frobenius reciprocity,
˜ Ž . Ž .we see that P D  is a direct sum of P D and possibly someB˜
projective covers of the exceptional simple modules. Hence, the difference
˜ j Ž .between the multiplicities of D as composition factors of P D  andB˜
˜Ž .P D is a multiple of 3; i.e., 2m l is a non-negative multiple of 3.
˜ B Ž . Ž .Similarly, since P D  is a direct sum of P D and possibly some
projective covers of the exceptional simple modules, we see that 2 lm is
also a non-negative multiple of 3. With all this information, we get the
above list of possibilities of l and m.
The next proposition gives a necessary condition for D j to extend
another simple module.
1Ž  j .LEMMA 4.11. Suppose Ext D , D is non-zero. Then exactly one of the
following three possibilities must occur:
Ž .1 
  ;j1
Ž .2 
  ;j1
Ž . 3 D is not an exceptional simple module and it occurs in the second
ˆ jLoewy layer of D  .B
ˆ j j1Ž .Proof. By Lemma 4.4., the head of  D  is isomorphic to DB
 j1D . The lemma then follows immediately.
Ž .It is clear that condition 3 of Lemma 4.11 is also sufficient. We will
show later that the other two conditions are also sufficient.
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COROLLARY 4.12. Suppose D is a non-exceptional simple module of B
1Ž  j . with Ext D , D  0. Then the multiplicity of D as a composition factor
Ž  j.of P D is at least 2.
Proof. By Lemma 4.11, D must occur in the second Loewy layer of
ˆ j jŽ .D  . Together with the known filtration of P D , the corollary followsB
immediately.
˜Assumption. Consider the blocks B and B. For both these blocks,
 ˜Ž .assume that whenever D respectively D is a composition factor of the
˜ B  1 ˜ Bj j jŽ . Žsemisimple heart of D  respectively D  , we have Ext D  ,B˜
 1  ˜j. Ž Ž . .D 
 0 resp. Ext D  , D 
 0 .B˜
˜Furthermore, assume that one of the blocks B or B has the following
properties:
Ž .1 Its Ext-quiver is bipartite;
Ž .2 Its principal indecomposable modules have a common Loewy
length 7.
Henceforth we will refer to this as ‘‘the Assumption.’’ We point out first
of all that the conditions on the Ext quiver and Loewy length apply only to
one block: we will show that if this holds for one block then the other
block satisfies these conditions as well. We also comment that the first part
˜ ˜ iof the Assumption ensures that D does not extend those D which when
˜ B j iinduced lie in the heart of D  ; it also ensures that D does not
extend those D which when restricted lie in the heart of D i .B˜
˜In what follows, let B have the two properties mentioned above. We will
show that B too has these properties. The reader may like to check that
the results and proofs have their direct analogues which show that if B has
˜the properties, then so does B.
˜ Bˇ jLEMMA 4.13. The Loewy length of D  is 5, while, for 2 j p 1,
˜ Bˇ jthat of S  is 6.
˜ jŽ .Proof. Since P D has Loewy length 7 by hypothesis, the bounds
Ž .stated in the analogue of Lemma 4.3 must be attained.
1 1 ˜ ˜j lŽ .PROPOSITION 4.14. The Ext -space Ext D , D between two excep-
˜  tional simple modules of B is non-zero if , and only if , j l 
 1.
˜ ˜l j  Ž .Proof. If j l  1, then D is not a composition factor of P D ,
˜ jand hence will certainly not be able to extend D . Thus it remains to show
1 ˜ ˜ ˜j j1 jŽ . Ž .that Ext D , D is non-zero for 1 j p 2. But since P D has
˜ ˜ B  Bˇ ˇj1 j1Loewy length 7 and S  has Loewy length 6, the head of S 
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˜ j1Ž .which is isomorphic to D must be lying in the second Loewy layer of
˜ jŽ .P D .
˜ ˜PROPOSITION 4.15. Let D be a non-exceptional simple module of B with
˜ ˜ B  1  ˜ jŽ .D  	D and suppose that Ext D , D is non-zero. The following is a
˜ complete list of possible multiplicities of D and D as composition factors of
˜ j jŽ . Ž .P D and P D , respectiely:
˜   ˜j j Ž .   Ž . P D : D P D : D
4 2
5 4
6 6
˜  B j j1Ž . Ž . Ž .Moreoer, P D is a direct summand of P D  , while P D and
Ž  j1.P D are not.
˜   ˜ j j Ž .   Ž .  ŽProof. Let P D : D 
 l and P D : D 
m. By the analogue
. Ž  j1. Ž  j1.of Corollary 4.12, we see that l 2. If either P D or P D is a
˜ ˜ B Ž .direct summand of P D  , then by Frobenius reciprocity, D must
occur in the semi-simple heart of either D j1 or D j1 . This implies˜ ˜B B
˜ ˜ j ˜that D and D lie in the same part of the bipartite Ext-quiver of B,
using Proposition 4.14, and hence do not extend each other. Now, if
Ž  j1. Ž  j1.2 lm
 3, then either P D or P D is necessarily a direct
˜ ˜ B 1  ˜ jŽ . Ž .summand of P D  , so that Ext D , D 
 0.
Checking with the list of possible values of l and m given in Proposition
4.10, we see that we are only left with the case where l
 2 and m
 4 to
Ž .eliminate. In this case, the head of P D  has eitherB˜
˜ ˜ ˜j j1 j1Ž .1 a copy of D , and no copy of D and D ; or
˜ ˜ ˜j1 j1 jŽ .2 a copy each of D and D , and no copy of D .
 ˜ BjIn the first instance, D occurs in the semi-simple heart of D  . Thus
˜1   1  B ˜ ˜j jŽ . Ž .Ext D , D 	 Ext D  , D 
 0 by our assumption.
In the second instance, D occurs in the semi-simple heart of both
˜ B ˜ Bj1 j1D  and D  .
This implies that the multiplicities of D as composition factors of
ˆ ˆ ˜ Bj1 j1 j1D  and of D  are both at least 2. Note here that D  isB B
ˆ j1both a submodule and a quotient of D  . So if D is a compositionB
˜ B ˜ Bj1 j1factor of D  it must lie in the second Loewy layer of D  . As
such D must occur in the second Loewy layer and the second socle layer
ˆ j1of D  , and these two composition factors must therefore be non-B
isomorphic.
Since m
 4, this implies that the multiplicities are both 2 and that D
˜ 1  ˆ ˜j jŽ .is not a composition factor of D  . Thus Ext D , D 
 0, by Corol-B
lary 4.9.
DEFECT 3 BLOCKS, I 111
Ž  j1.For the remaining cases, we have 2 lm
 6. Since neither P D
˜  B j1 jŽ . Ž . Ž .nor P D is a direct summand of P D  , P D must be such a
summand.
˜ ˜COROLLARY 4.16. Let D be a non-exceptional simple module of B with
˜ ˜ ˜1    B  ˜ jŽ .Ext D , D  0 and suppose that D  	D . Then D occurs in the
semi-simple heart of D j . Hence, the second Loewy layers of D j and˜ ˜B B˜ B 1  ˇ j jŽ .D  are isomorphic. Moreoer, Ext D , D 
 0.
Ž  j.Proof. Proposition 4.15 shows that P D is a direct summand of
˜ BŽ .P D  . By Frobenius reciprocity, the first statement follows immedi-
˜ BŽ Ž . .ately. We observe that it is both a submodule and a quotient of P D  .
Using Lemma 4.11 and Corollary 4.6, the second statement also follows
˜1   1  j jŽ . Ž .easily. The last assertion follows since Ext D , D 	 Ext D  , DB

 0 by our assumption.
COROLLARY 4.17. Let D be a non-exceptional simple module of B with
˜ ˜  1   jŽ .D  	D . Then Ext D , D is non-zero if , and only if , D lies in theB˜ ˜ B˜ jthird Loewy layer of D  .
1Ž  j . Moreoer, if Ext D , D is non-zero, then D lies on the semi-simple
˜ Bjheart of D  .
˜ ˜   B 2  B˜ ˇ ˇj j j jŽ .Proof. By Corollary 4.16, D  D 	D  Rad D  . ThusB˜˜ ˜  B 1  ˇ j jŽ .if D lies in the third Loewy layer of D  , then Ext D , D 	
˜1   1  j jŽ . Ž .Ext D  , D is non-zero. Conversely, if Ext D , D is non-zero,B˜˜ ˜  Bˇ j Ž .then D is a composition factor of D  by the analogue of Corollary
˜ Bˇ j4.9, and hence it must occur in the first three Loewy layers of D  ,
since the latter module has Loewy length 5 and is self-dual. Our assump-
tion says that it cannot lie in the second Loewy layer. Hence it has to lie in
the third Loewy layer.
˜1  B  1  ˜ ˜j jŽ . Ž .The last statement follows since Ext D  , D 	 Ext D , D 
 0
 jif D extends D .
˜ Bˇ jCOROLLARY 4.18. The third Loewy layer of D  is multiplicity free.
˜ B ˇ ˜j jProof. The third Loewy layer of D  consists of one copy of D
˜and the non-exceptional simple modules of B, which, when induced to B,
˜ jextend D . In fact, the multiplicity of D in this layer is the dimension of
˜1    B jŽ .Ext D , D where D  	D . Since any non-zero extension between
˜simple modules of B is one-dimensional, we see that the multiplicity of D
˜ Bˇ jin the third Loewy layer of D  is at most 1.
˜ ˜ ˜ 4Let 	 , 	 be a partition of the simple modules of B displaying1 2
˜ j ˜the bipartite nature of its Ext-quiver, with D 	 if, and only if, jl
Ž .  4l mod 2 . For l 1, 2 , define a subset 	 of simple modules of B byl
 j    ˜ Ž .4  4	 
 D  j l mod 2  D D non-exceptional, D  	 .˜l B l
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 4THEOREM 4.19. The partition 	 , 	 of simple modules of B displays1 2
the bipartite nature of the Ext-quier of B.
Proof. The theorem follows immediately from Corollary 4.17.
1 1Ž  j  l.PROPOSITION 4.20. The Ext -space Ext D , D between two excep-
 tional simple modules of B is non-zero if , and only if , j l 
 1.
1Ž  j  j1.Proof. We only need to show that Ext D , D is non-zero for
1 ˜ ˜j j1Ž .1  j  p  2. Since Ext D , D is non-zero, we see that
1  ˜ B 1  ˜j j1 j j1Ž . Ž .Ext D , D  	 Ext D  , D is non-zero. Now, by TheoremB˜
4.19, D j and D j1 belong to different parts of the bipartite Ext quiver of
B. Thus D j can only lie in either the second or fourth socle layers of the
 ˜ Bj j1non-split extension of D by D  . Since the first and third socle
layers of this non-split extension are simple, isomorphic to D j1, this
1  j j1Ž .implies that Ext D , D is non-zero.
˜ ˜j1 j˜LEMMA 4.21. Let M be the non-split extension of D with D . Then
˜ B  j1  jM has a simple head D , a simple socle D , and Loewy length 4.
Proof. Using Frobenius reciprocity, we see that the head and socle of
B ˜ B j1 jM˜ are as stated. By Proposition 4.7, we see that D  extends D
 ˜ Bj j1once. Since D does not occur as a composition factor of D  and
  ˜ Bj1 j j1D does extend D , we see that the non-split extension of D  by
D j has the copy of D j lying in its second Loewy layer. Thus the head of
˜ B B ˜ Bj j1˜D  lies in the second Loewy layer of M . Since the socle of D 
does not extend any of the composition factors lying in the second Loewy
˜ Bjlayer of D  by Theorem 4.19, we see that the latter is lying in the third
B B˜ ˜Loewy layer of M . Thus M has Loewy length 4 as claimed.
˜ ˜LEMMA 4.22. Let D be a non-exceptional simple module of B with
˜ ˜  B  ˜ j˜D 	D  . Suppose M has a simple head D , a simple socle D , and
˜ B  jLoewy length 3. Then M has Loewy length 4, and D occurs twice as its
compositor factor, once in its second Loewy layer and once in its fourth Loewy
layer.
˜Proof. Let N be the direct sum of all the non-exceptional simple2
˜modules lying in the second Loewy layer of M, and let N be the direct2
˜sum of non-exceptional simple modules of B such that N  	N .˜2 B 2
There are two cases to consider:
˜ ˜j1 j1 ˜Ž .1 neither D nor D is a composition factor of M;
˜ ˜j1 j1 ˜Ž .2 either D or D is a composition of M.
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˜In the first case, M has the Loewy structure
˜D
˜ .N2
˜ jD
˜ BThus M has the filtration
D
N .2
 B˜ jD 
˜ B By Frobenius reciprocity, M has a simple head isomorphic to D . Now,
 ˜ Bj jthe summands of N do not extend D , and thus the head of D 2
˜ Bmust necessarily lie in the second Loewy layer of M . It follows that
˜ B  jM has Loewy length 4, and D occurs once in its second Loewy layer
and once in its fourth Loewy layer.
˜ ˜In the second case, let V be the maximal submodule of M such that all
˜ ˜its composition factors are exceptional simple modules. Then MV has
the Loewy structure
˜D
.
N˜2
˜ B  jUsing the above lemma, we see that V  has Loewy length 4 with D
˜ Boccurring in its second and fourth Loewy layers. Now the head of V 
˜ Bforms part of the head of M by Corollary 4.16 and Frobenius reciproc-
ity. By Theorem 4.19, the composition factors of N do not extend the2
˜ B ˜ Bcomposition factors lying in the second Loewy layer of V  . Thus M
has Loewy length 4 and D j occurs in its second and fourth Loewy layers.
THEOREM 4.23. Suppose the Assumption holds. The principal indecom-
posable modules of B hae a common Loewy length 7.
˜˜Proof. First of all we claim that if M is a non-split extension of D by
˜ ˜   B  B˜ j ˜D , where D is non-exceptional, and D  	D , then M has
Loewy length 3, a simple socle D j, and a head isomorphic to D jD.
˜ BTo prove our claim, use Frobenius Reciprocity to conclude that M
 j ˜ B  jŽ .has a simple socle D . By Corollary 4.16, we note that Hom M , D
˜  j  j ˜ BŽ .	Hom M, D  is non-zero, so that D occurs in the head of M .B˜ ˜  B B˜Ž .It should be clear that D 	D  also occurs in the head of M .
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˜ B B ˜ Bj j˜Since D  is a maximal submodule of M and D  has Loewy
 j ˜ Blength 3 and a simple head D , we conclude that M has Loewy length
3 and has head isomorphic to D jD. This proves the claim.
˜ ˜  B Let D be a non-exceptional simple module with D  	D . Using
˜ jthe above lemma, a little thought shows that whenever D is a composi-
˜Ž .tion factor of P D , lying in the dth Loewy layer say, the Loewy length 3
˜ Bj Ž . Ž .induced module D  will lie in the d 1 st, dth, and d 1 st Loewy
˜ B ˜Ž .layers of P D  , while if a non-exceptional simple module D , with
˜ B  ˜ Ž .D  	D , is a composition factor of P D , lying in the dth Loewy
˜  BŽ .layer, the induced module D will lie in the dth Loewy layer of P D  .
˜ B Ž .Hence, we see that P D  has Loewy length 7. Since a copy of D
˜ B Ž . Ž .occurs in the seventh Loewy layer of P D  , we conclude that P D
Ž .has Loewy length 7. Using the last statement of Proposition 4.15, we see
that the projective covers of exceptional simple modules of B also have
Loewy length 7.
Thus the block B also has the following two properties: its Ext-quiver is
bipartite and its principal indecomposable modules have a common Loewy
length 7.
PROPOSITION 4.24. Let D be a non-exceptional simple module of B with
˜ ˜ ˜   B   ˇ ˆj j   D  	D . Let D  : D 
 l and D  : D 
m. Then l, m 2B˜ B
and the following are equialent:
Ž .1 l
 1;
Ž .2 m
 2;
˜ ˜  Bˇ jŽ .3 D lies in the third Loewy layer of D  ;
 ˆ jŽ .4 D lies in the second and fourth Loewy layers of D  .B
ˆ   
j j j jProof. Since S   S  S  S , we see that m 3. Suppose forB
ˆ ja contradiction that m
 3. Since D  has Loewy length 5 and isB
self-dual, we see that at least two copies of D must lie in the first three
ˆ jLoewy layers of D B. Since extensions between simple modules of B
are at most one-dimensional and the Ext-quiver of B is bipartite, we see
 ˆ j Žthat D can only occur in the third Loewy layer of D  . But theB
.analogue of Corollary 4.18 shows that this Loewy layer is multiplicity free.
Similarly, l 2.
˜ ˜  Bˇ jIf l
 1, then D cannot occur in the second Loewy layer of D  .
˜  jOtherwise, D must occur on the semi-simple heart of D  by Corol-B˜
lary 4.16, and since D j is isomorphic to both a proper submodule andB˜ ˜ ˜ B ˇ ja proper quotient of D  , we see that l 2. Hence, D must occur in
˜ Bˇ jthe third Loewy layer of D  .
DEFECT 3 BLOCKS, I 115
˜ ˜  B  ˇ j jIf D occurs in the third Loewy layer of D  , then D extends D
˜ Bjand lies in the second Loewy layer of D  by Corollary 4.17. Since
˜ BjD  is isomorphic to both a proper submodule and a proper quotient of
ˆ jD  , we see that m 2. Hence, m
 2.B
Ž . If m
 2, by the analogue of Corollary 4.18, we see that D must lie in
ˆ jeven Loewy layers of D  . Hence there must be one copy of D eachB
in the second and fourth Loewy layers, since we cannot have double
extensions between simple modules.
 ˆ j jIf D occurs in the second and fourth Loewy layers of D  , then DB˜ ˜   Bˇ jextends D . Consequently, D must lie in the third Loewy layer of D 
and by Corollary 4.18, we see that l
 1.
The next proposition gives an algorithm for constructing the Ext-quiver
˜of B from that of B. It is clear that we can also construct the Ext-quiver of
B˜ from that of B using a similar algorithm.
˜ ˜PROPOSITION 4.25. Gien the Assumption, let  be the Ext-quier of B.
Define a graph  as follows: its ertex set is indexed by the non-isomorphic
simple modules of B and there is an edge between D and D  if , and only if ,
one of the following holds:
Ž .  1 D and D are non-exceptional simple modules of B and there is
  ˜an edge between D  and D  in ;˜ ˜B B
Ž .  2 D and D are exceptional simple modules of B and there is an
  ˜Ž . Ž .edge between soc D  and soc D  in ;˜ ˜B B
Ž .  j3 one of them is an exceptional simple module, D say, and the other
ˆ jhas multiplicity 2 as a composition factor of D  .B
Then  is the Ext-quier of B.
Ž .5. THE PRINCIPAL BLOCKS OF K 3PN 4PN
In this section, we study the principal blocks of k for 3 p n 4 p.n
We aim to show that these blocks have the properties that their Ext-quivers
are bipartite and their principal indecomposable modules have a common
Loewy length 7.
Ž .Let  0 r p denote the principal block of  . Then r1 3 pr i
Ž .   ² :and  1 i p form a 3 : 1 -pair. We will use the -notation withi1
3 p 1 beads to denote the partitions of these blocks. Furthermore, we
 retain the notation for exceptional partitions for this 3 : 1 -pair, but we
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Ž i.  include a superscript to distinguish the different 3 : 1 -pairs. Thus,
Ž i. ² : Ž i. ² : 
 i , i ,  
 i , i 1 ,1 1
Ž i. ² : Ž i. ² : 
 i , i , p r 2 ,  
 i , i 1, p r 2 ,r r
Ž i. ² : Ž i. ² : 
 i , i , p s ,  
 i , i 1, p s ,s s
Ž i. ² : Ž i. ² : 
 i , i , i ,  
 i , i 1, i 1 ,p p
Ž i. ² :
 
 i 1 ,1
Ž i. ² :
 
 i 1, p r 2 , 2 r p i 1Ž .r
Ž i. ² :
 
 i 1, p s p i 2 s p 1Ž .s
Ž i. ² :
 
 i 1, i 1 ,p
Ž i. ˜Ž i.² : ² : 
 i ,  
 i 1, i ,˜1 1
Ž i. ˜Ž i.² : ² : 
 i , p r 2 ,  
 i , i 1, p r 2 ,˜1 r
Ž i. ˜Ž i.² : ² : 
 i , p s ,  
 i , i 1, p s ,˜s s
Ž i. ˜Ž i.² : ² : 
 i , i ,  
 i , i , i 1 ,˜p p
Ž i. ² :
 
 i 1 ,˜1
Ž i. ² :
 
 i 1, i 1, p r 2 2 r p i 1Ž .r˜
Ž i. ² :
 
 i 1, i 1, p s p i 2 s p 1Ž .s˜
Ž i. ² :
 
 i 1, i 1, i 1 .p
We will prove by induction that  has the two required properties.i
ŽNote that we have proven the base case  is the principal block of1
.k . Thus, using the results of last section, we only need to verify that3 p
 ˜Ž .whenever D resp. D is a composition factor of the semi-simple heart
˜ Ž i.   Ž i. 1 ˜ Ž i.  i j j iŽ . Ž . Žof D  resp. D  , we have Ext D  , D 
 0 resp.j  i11  Ž i. ˜jŽ . .Ext D  , D 
 0 . i1
In view of this, we have the following lemmas:
˜  LEMMA 5.1. Suppose B and B form a 3 : 1 -pair and retain the notation
introduced in the preious section. Suppose that 
 is p-regular.j
 ˜ BjŽ .1 Let D be a composition factor of the semi-simple heart of D  .
 
   1 ˜ B j j j jŽ .If D occurs in S and in exactly one of S and S , then Ext D  , D

 0.
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Ž . 
 j  Ž .2 If S has a composition factor D   , 
 which does notj j
ˆ j1 Ž .occur in D  if j
 1, this latter condition is acuous , thenB ˜1  
 1  j j j jŽ . Ž .Ext D , D 	 Ext D  , D 
 0.B˜
 ˆ jŽ .Proof. 1 By our hypothesis, the copy of D in M, where D  MB
˜ B 
j	D  , always lies below the copy of D . In particular, it does not lie in
Ž .the head of M. The statement now follows from the analogue of
Corollary 4.9.
ˆ jŽ .2 We know that S  has the two filtrationsB˜
S j ˆ jD B j and .S ˆ j1D 
 BjS
From these filtrations, we conclude that our hypothesis implies the copy
D j in S
 lies below D . Using the filtrations again and the fact that
ˆ 
j jD  is self-dual, we see that D does not lie in the second Loewy layerB
 1  
ˆ j j jŽ .of D  . Thus Ext D , D 
 0 by Lemma 4.4.B
Similarly, by looking at the conjugate blocks, we have the following
lemma:
LEMMA 5.2. Suppose that  is p-restricted.j1
 ˜ BjŽ .1 Let D be a composition factor of the semi-simple heart of D  .
If D occurs in S j1 and in exactly one of S  j1 or S
 j1, then
1 ˜ B jŽ .Ext D  , D 
 0.
   ˜ j1 j1Ž .2 Let D be the socle of S and D  	D . If S has aB˜
 ˆ j1Ž . Žcomposition factor D   ,  which does not occur in D  ifj B
. 1Ž  j .j 
 p  1, this latter condition is acuous , then Ext D , D 	
1  ˜jŽ .Ext D  , D 
 0.B˜
We also have analogous results when 
 is p-regular and  is˜ ˜j j1
p-restricted.
LEMMA 5.3. Suppose 
 is p-regular.˜j
˜  jŽ .1 Let D be a composition factor of the semi-simple heart of D  .B˜˜ ˜ ˜ 
   1  ˜ ˜j j j jŽ .If D occurs in S and in exactly one of S or S , then Ext D  , DB˜

 0.

˜ ˜jŽ . Ž .2 If S has a composition factor D   , 
 which does not˜ ˜ ˜j j˜ Bˇ j1 Ž .occur in D  if j
 1, this latter condition is acuous , then
1 ˜ 
˜ 1 ˜ B j j j jŽ . Ž .Ext D , D 	 Ext D  , D 
 0.
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LEMMA 5.4. Suppose  is p-restricted.˜j1
˜  jŽ .1 Let D be a composition factor of the semi-simple heart of D  .B˜˜ ˜   
˜ ˜j1 j1 j1If D occurs in S and in exactly one of S or S , then
˜1  jŽ .Ext D  , D 
 0.B˜
˜ ˜ ˜ B  ˜j1 j1Ž .2 Let D be the socle of S , and D  	D . If S has a
˜  B˜ ˇ j1Ž . Žcomposition factor D   ,  which does not occur in D  if˜ ˜ ˜j
1 ˜ ˜j. Ž .j 
 p  1, this latter condition is acuous , then Ext D , D 	
1 ˜ B jŽ .Ext D  , D 
 0.
We note that 
 Ž i. is p-regular for j p 1, and  Ž i. is p-restrictedj j1
Ž i. Ž . Ž .for j 1. Also, 
 is p-regular unless j
 p or i, j 
 3, p 1 , and˜j
 Ž i. is p-restricted unless j
 0 or j p i 2.˜j1
We are now in a position to prove our main theorem for this section:
THEOREM 5.5. The block  has the properties that its Ext-quier isi
bipartite and its principal indecomposable modules hae a common Loewy
length 7.
ŽProof. Using the decomposition matrices of  the entries of whichi
are obtained by Schaper’s formula, since we are assuming they are bounded
.above by 1 and  , we are able to find explicitly the compositioni1
 Ž i. ˜ Ž i. j j i Žfactors of the semi-simple hearts of D  and D  1 j i1
.p 1 . Most of these composition factors satisfy the hypotheses of the
above lemmas. The only exceptions are
˜Ž3. Ž3. p1 p1Ž .1 D , which is a composition factor of D  . In this case, 2Ž3. Ž2. 
˜ Ž3.  Ž2. 
˜ Ž3.p p1 pnote that 
 
  , so that S has a simple head D . Also, S p˜ pŽ3. ˜Ž3. Ž2.  ˜p1 p1 p1D D D from the decomposition matrix of  . Thus, since2
 Ž2. ˜ Ž3. 
˜ Ž3.p1 p1 pD does not extend D by induction, we see that S is uniserial
with the module structure
D
Ž2.
p1
Ž3.˜p1 .D
Ž3.˜p1D
ˇ Ž3. p1 2Now, since D  has the Specht filtration
˜ Ž3.pS
Ž3.˜pS
Ž3.
˜ pS
Ž3. ˜Ž3.1  p1 p1Ž .and is self-dual, we see that Ext D  , D 
 0. 2
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² p1, p2: ˜ Ž p2. 2 p2Ž .2 D , which is a composition factor of D  . In
this case,
1 ˜ Ž p2.  ² p1, p2:2 p2Ext D  , DŽ . p3
1 ˜ Ž p2. ² p1, p3:2	 Ext D , DŽ . p3

 Ext1 D² p2, p: , D² p1, p3:Ž . p3
	 Ext1 D² p2, p: , D² p1, 1:Ž . 1
1 ² p3, p1: ² p2, p: ² :
 Ext D , D using -notation with 3 p beadsŽ . 1

 0 from proof of Proposition 3.2 i .Ž .
Ž . ² p, p1:  Ž p.23 D , which is a composition factor of D  . In this p1
Ž p1. Ž p. ² p, p1: ˜ Ž p2. 2 p1˜case,  
  , and D is a composition factor of D  ,2 2
˜ Ž p2.  ² p, p1:  Ž p1.  Ž p1.1 p1 2 2but not of D  . Also, D occurs in both S and S ,

 Ž p1. ˆ Ž p1.2 2but not in S . Now since S  has filtrations of the form p1
 Ž p1.2 ˆ Ž p1.2S D  p1Ž p1.2 and ,S Ž p1.ˆ1D Ž p1. 
 p12S
˜ Ž p1.  ˆ Ž p1.2 p1 2and D  is both a submodule and a quotient of D  , it p1˜Ž p. Ž p1.² p, p1:  2 2Ž .is not difficult to see that the copy of D in S 
 S must
lie below the copy of D
Ž p1.
2 . As D
Ž p1.
2 is not a composition factor of
D
Ž p.
2  , this shows that D Ž p.2  does not extend D² p, p1:. p1 p1
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